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A segmentation problem

I Expression levels of 11 genes involved in wing muscle development1

I 67 time-points
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A segmentation problem

I Y = {Y t }Nt=1 multivariate random process of dimension p
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A segmentation problem

p(Y t |T ) =
∏
i

pi (Y t
i )

∏
{i,j }∈ET

pij (Y t
i ,Y

t
j )

pi (Y t
i

)pj (Y t
j

)
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Y t

Spanning tree assumption
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Exact Bayesian inference

I Bayesian inference

Requirement

B Providing a full probabilistic
construction

I Prior distributions

Tool

B Graphical models
I Markov property
I hyper Markov property

I Exact inference

Requirement

B Dealing with the combinatorial
issue

I
(
N−1
K−1

)
segmentations

I pp−2 spanning trees

Tool

B Algebraic results
I Segmentations
I Spanning trees

(Meilă and Jaakkola 2007)
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Löıc Schwaller Exact Bayesian inference for change-point detection using trees 4/24



Exact Bayesian inference

I Bayesian inference

Requirement

B Providing a full probabilistic
construction

I Prior distributions

Tool

B Graphical models
I Markov property
I hyper Markov property

I Exact inference

Requirement

B Dealing with the combinatorial
issue

I
(
N−1
K−1

)
segmentations

I pp−2 spanning trees

Tool

B Algebraic results
I Segmentations
I Spanning trees
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Introduction

Algebraic magic bag



Algebraic tricks

∑∏
I Computing sum-products

I For spanning trees
I For segmentations
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Spanning Trees

Definition

A spanning tree is a connected graph with no cycles.

B T ..=
{
T = (V ,ET ) spanning tree on V

}

B |T | = pp−2

B Maximal cliques = edges
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Summing over T

b

Z (b) =
∑
T ∈T

∏
{i,j }∈ET

bij

Theorem (Matrix-Tree, Kirchhoff 1847, Cayley 1889)

∆ij =




−bij if i , j∑
k

bkj if i = j

All cofactors of ∆ are equal to Z (b).

Complexity = O(p3)
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Segmentations

Definition

A segmentation of ~1;N� is a partition of ~1;N� into sets of
consecutive elements called segments.

I m = (~τk−1; τk~)Kk=1 = (rk )Kk=1

I 1 = τ0 < τ1 < . . . < τK−1 < τK = N + 1 change-points of m
I r1, . . . , rK segments of m

B MK = { segmentations of ~1;N� into K segments }

B |MK | =
(
N−1
K−1

)
τ0 τ1 τk−2 τk−1 τk τk+1 τK−1 τK

r1 . . . rk−1 rk rk+1 . . . rK
1 N + 1
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Summing over MK

a

CK (a) =
∑

m∈MK

∏
~s;t~∈m

ast

Proposition (Rigaill et al. 2012)

CK (a) = [aK ]1,N+1

Complexity = O(KN2)
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Model & Inference



Model

. . . rk−1 rk rk+1 . . .

. . .

Tk−1 Tk Tk+1

. . .

p(T|K ) =
∏
k

p(Tk ) T = (T1, . . . ,TK )

. . . πk−1
Markov w.r.t. Tk−1

πk
Markov w.r.t. Tk

πk+1
Markov w.r.t. Tk+1

. . .

p(Π |T) =
∏
k

p(πk |Tk ) Π = (π1, . . . , πK )

. . . Y rk−1
i.i.d.
∼ πk−1 Y rk i.i.d.

∼ πk Y rk+1
i.i.d.
∼ πk+1

. . .

p(Y |m, π) =
∏
k

∏
t∈rk

p(Y t |Tk, πk )
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Inference

I Marginal likelihood

p(Y |K ) =
∑

m∈MK

∑
T∈T K

∫
p(Y ,Π,T,m|K )dΠ

|MK | · |T
K | =

(
N − 1

K − 1

)
· pK (p−2) ≈

(
Npp−2

K

)K
Example

N = 200 |M4 | ≈ 1.3 · 106

p = 10 |T | = 108
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A complexity result

Proposition (Schwaller and Robin 2016)

Under some assumptions on prior distributions, the marginal likelihood
p(Y |K ) can be computed in O(max(K, p3)N2) time from locally
integrated quantities on Π.
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Prior distributions

“Under some assumptions on prior distributions”

I On segmentations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .m

I On trees . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . T = (T1, . . . ,TK )

I On distributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .Π = (π1, . . . , πK )
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Prior distribution on m

a

p(m|K ) =
1

CK (a)

∏
~s;t~∈m

ast

CK (a) =
∑

m∈MK

∏
~s;t~∈m

ast

Example

τ0 τ1 τ2 τ3 τ4

r1 r2 r3 r4
1 5 15 19 26

p(m|K ) =
1

CK (a)
a1,5a5,15a15,19a19,26
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Prior distribution on m

a

p(m|K ) =
1

CK (a)

∏
~s;t~∈m

ast

p(Y |K ) =
∑
m

p(m|K )p(Y |m) =
1

CK (a)

∑
m

p(Y |m)
∏
~s;t~∈m

ast︸                       ︷︷                       ︸
CK (A)

Löıc Schwaller Exact Bayesian inference for change-point detection using trees 14/24



Prior distribution on m

a

p(m|K ) =
1

CK (a)

∏
~s;t~∈m

ast

p(Y |K ) =
∑
m

p(m|K )p(Y |m) =
1

CK (a)

∑
m

p(Y |m)
∏
~s;t~∈m

ast︸                       ︷︷                       ︸
CK (A)
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Factorising p(Y |m)

p(Y |m) =
∑

T∈T K

∫
p(Y ,Π,T|m)︸           ︷︷           ︸

p(T)p(Π |T)p(Y |Π,m)

dΠ

=
∑

T∈T K

∏
k

p(Tk )
∫ ∏

k

p(Y rk |πk )
∏
k

p(πk |Tk )dπk

=
∏
k

∑
T ∈T

p(T )
∫

p(Y rk |πk )p(πk |T )dπk︸                                           ︷︷                                           ︸
p(Y rk ) = marginal likelihood on rk
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Integrating on m

a

p(m) =
1

CK (a)

∏
~s;t~∈m

ast

Ast = ast · p(Y ~s;t~)

Complexity = O(KN2)
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Integrating on m

a

p(m) =
1

CK (a)

∏
~s;t~∈m

ast

A

p(Y |K ) =
CK (A)
CK (a)
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Marginal likelihood on a segment

p(Y r ) =
∑
T ∈T

p(T )
∫

p(Y r |π)p(π |T )dπ

r

r

T

π Markov w.r.t. T
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Prior distribution on T

b

p(T ) =
1

Z (b)

∏
{i,j }∈ET

bij

Z (b) =
∑
T ∈T

∏
{i,j }∈ET

bij

Example

5

21

3

7 p(T ) =
1

Z (b)
b12b25b35b57
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Prior distribution on T

b

p(T ) =
1

Z (b)

∏
{i,j }∈ET

bij

p(Y r ) =
1

Z (b)

∑
T ∈T

∫
p(Y r |π)p(π |T )dπ

∏
{i,j }∈ET

bij︸                                            ︷︷                                            ︸
∝ Z (B )
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Prior distribution on π

I Under some assumption on {p(π |T )}T ∈T

p(Y r |T ) =
∏
i

p(Y r
i )︸      ︷︷      ︸

U (r )

∏
{i,j }∈ET

p(Y r
i ,Yj )

p(Y r
i

)p(Y r
j

)

p(Y r
i ,Y

r
j ) =

∫
πij (Y

r
i ,Y

r
j )ρij (πij )dπij

p(Y r
i ) =

∫
πi (Y

r
i )ρi (πi )dπi
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Integrating on T

b

p(T ) =
1

Z (b)

∏
{i,j }∈ET

bij

B (r )
ij
= bij ·

p(Y r
i , y

r
j )

p(Y r
i

)p(Y r
j

)

Complexity = O(p3)
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bij
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Integrating on T

b

p(T ) =
1

Z (b)

∏
{i,j }∈ET

bij

B(r)

p(Y r ) = U (r ) ·
Z (B (r ))
Z (b)

B (r )
ij
= bij ·

p(Y r
i , y

r
j )

p(Y r
i

)p(Y r
j

)

Complexity = O(p3)
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In a nutshell

O(N2K)

b

B

s;tB p(Y )s;t

p(Y )1;2

a

A

1;N+1B p(Y )1;N+1

p(Y|K)

O(N2p3)
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In a nutshell

Proposition (Schwaller and Robin 2016)

Under some assumptions on prior distributions, the marginal likelihood
p(Y |K ) can be computed in O(max(K, p3)N2) time from locally
integrated quantities on Π.
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Other quantities

I Posterior probability of events

{there is a change-point at time t}
{m contains segment ~s; t~}

0.00

0.25

0.50

0.75

1.00

0 20 40 60
Time

I Posterior distribution of K

p(K |Y ) ∝
p(K )[AK ]1,N+1

[aK ]1,N+1
0.00

0.25

0.50

0.75

1.00

1 2 3 4 5 6 7 8 9 10
K

p(
K
|Y
)

Complexity = O(max(p3,K )N2)
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Application



Drosophila life cycle microarray data

I Expression levels of 11 genes involved in wing muscle development
I 67 time-points

Embryo Larva Pupa Adult

0.00

0.25

0.50

0.75

1.00

0 20 40 60
Time

Model

Full

Tree

Tree Full

0.00

0.25

0.50

0.75

1.00

1 2 3 4 5 6 7 8 9 10 1 2 3 4 5 6 7 8 9 10
K

p(
K

|Y
)
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Conclusion & Perspectives



Conclusion & Perspectives

Problem at hand

I Segmentation of the dependence structure in a multivariate
time-series

So far

I Exact & Bayesian inference in O(max(p3,K )N2) time

I Using algebraic results on
I Spanning Trees
I Segmentations

I Using (hyper) Markov properties

Perspectives

I Temporal dependency within segments

I Numerical issues

I R package
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